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:
\S 1. Dixmier C*- .
\S 2. Generalized Dixmier C*- .
\S 3. .
\S 4. .
\S 1. DIXMIER C*-
3 Heisenberg C*-
3 Heisenberg $H_{3}$ $\uparrow j$ :
$g==(c, b, a)$ , $a,$ $b,$ $c\in \mathbb{R}$ .
$H_{3}$ $-$ $\mathbb{R}^{2_{\rangle}}\triangleleft_{\alpha}\mathbb{R}$ $\alpha_{a}(C, b)=(c+ab, b)\backslash \cdot$
$H_{3}$ $\mathrm{C}^{*}$- $C^{*}(H_{3})$ - :
$C^{*}(H_{3})\cong c*(\mathbb{R}2)\rangle\triangleleft \mathbb{R}\cong c_{0(}\mathbb{R}2)\lambda_{\hat{\alpha}}\mathbb{R}$ .
$\hat{\alpha}$








$C_{0}((\mathbb{R}\backslash \{\mathrm{o}\})\mathrm{x}\mathbb{R})\rangle\triangleleft \mathbb{R}\cong c_{0}(\mathbb{R}\iota\{\mathrm{o}\})\otimes \mathrm{K}$
$(\mathbb{R}\backslash \{0\})\mathrm{x}\mathbb{R}$ \alpha ^ $\mathbb{R}\backslash \{0\}$
7 Dixmier C*
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. 7 Dixmier $D_{7}$ $\mathbb{C}^{2}\rangle\triangleleft_{\beta}H_{3}$
$\beta_{g}(z_{1}, z_{2})=(e^{ia}z_{1e^{ib}},z_{2})$ , $z_{1},$ $z_{2}\in \mathbb{C},$ $g=(c, b, a)\in H_{3}$
$\beta_{g}=\in GL_{2}(\mathbb{C})$ .
$D_{7}$ I $-$ [Dxl.
$\Gamma=\{$ : $k\in \mathbb{Z}\}$
$D_{7}/\Gamma$ I $\mathbb{C}^{2}\rangle\triangleleft(H_{3}/\Gamma)$
$H_{3}/\Gamma\cong(\mathrm{T}\cross \mathbb{R})\mathrm{x}\mathbb{R}$.
$C^{*}(D_{7})\cong c*(\mathbb{C}2)\lambda_{\beta}H_{3}\cong c0(\mathbb{C}2)\rangle \mathrm{t}_{\hat{\beta}}H_{3}$ .
$\hat{\beta}_{\mathit{9}}(W1, w2)=(e^{-ia}w_{1}, e^{-ib}w2),$ $(w_{1}, w_{2})\in \mathbb{C}^{2}$ . $\mathbb{C}^{2}$ 02 \beta
.
$0arrow C_{0}(\mathbb{C}^{2}\backslash \{0_{2}\})\rangle\triangleleft H_{3}arrow c_{0()}\mathbb{C}^{2}\lambda H_{3}arrow C^{*}(H_{3})arrow 0$ .
$(\mathbb{C}\backslash \{0\})\cross\{0\}$ $\{0\}\cross(\mathbb{C}\backslash \{0\})$ $\hat{\beta}\text{ ^{ _{ }}}\mathbb{C}^{2}\backslash \{0_{2}\}$
:
$0arrow C_{0}((\mathbb{C}\backslash \{0\})^{2})\rangle\triangleleft H_{3}arrow C_{0}(\mathbb{C}^{2}\backslash \{0_{2}\})\lambda H_{3}arrow\oplus_{i=1}^{2}C0(\mathbb{C}\backslash \{0\})\lambda_{\hat{\beta}_{i}}H_{3}arrow 0$ .
$\hat{\beta}_{1},\hat{\beta}_{2}$
$\text{ }\hat{\beta}\text{ }(\mathbb{C}\backslash \{0\})\cross\{0\},$
$\{0\}\cross(\mathbb{C}\backslash \{0\})$
\beta ^i $\mathbb{C}\backslash \{0\}$
$C_{0}(\mathbb{C}\backslash \{0\})\lambda_{\hat{\beta}_{i}}H_{3}\cong C0(\mathbb{R}+)\otimes(c(\mathrm{T})\lambda H_{3})$ .
$H_{3}$ }$\sim-$ $\mathrm{T}$ $w_{i}\in \mathbb{C}\backslash \{0\}$ $(H_{3})_{w_{i}}$
$H_{3}/(H_{3})_{w_{i}}$ $\mathrm{T}$ \beta
$C(\mathrm{T})xH_{3}\cong c(H_{3}/(H_{3})_{w_{i}})\lambda H_{3}$ .
Green imprimitivity [Gr2; Corollary 2.10]
$C(H_{3}/(H_{3})_{w_{i}})\rangle\triangleleft H_{3}\cong c^{*}((H_{3})wi)\otimes \mathrm{K}(L2(\mathrm{T}))$ .
:
$(H_{3})_{w_{1}}=\mathbb{R}^{2}x_{\alpha}\mathbb{Z}$ , $(H_{3})_{w_{2}}=(\mathbb{R}\cross \mathbb{Z})\rangle\triangleleft_{\alpha}\mathbb{R}$ .
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$C^{*}((H_{3})w1)\cong \mathit{0}*(\mathbb{R}^{2})\lambda_{\alpha}\mathbb{Z}\cong C0(\mathbb{R}2)\rangle\triangleleft_{\hat{\alpha}}\mathbb{Z}$ ,
$\hat{\alpha}_{a}(l, m)=(l, m+al)$ , $(l, m)\in \mathbb{R}^{2},$ $a\in \mathbb{Z}$ .
$\{0\}\cross \mathbb{R}$
$\hat{\alpha}$ :
$0arrow C_{0}((\mathbb{R}\backslash \{0\})\cross \mathbb{R})\lambda \mathbb{Z}arrow C_{0}(\mathbb{R}2)\lambda \mathbb{Z}arrow C_{0}(\mathbb{R})\otimes \mathit{0}*(\mathbb{Z})arrow 0$ .
$(\mathbb{R}\backslash \{0\})\cross \mathbb{R}$
$\mathbb{Z}$
Green $[\mathrm{G}\mathrm{r}1]\text{ }$ quotient
$\{$
$C_{0}((\mathbb{R}\backslash \{\mathrm{o}\})\cross \mathbb{R})\rangle\triangleleft \mathbb{Z}\cong C0((\mathbb{R}\backslash \{\mathrm{o}\})\cross \mathrm{T})\otimes \mathrm{K}(l2(\mathbb{Z}))$ ,
$C_{0}(\mathbb{R})\otimes C*(\mathbb{Z})\cong c0(\mathbb{R})\otimes C(\mathrm{T})\cong o0(\mathbb{R}\cross \mathrm{T})$
$(\mathbb{R}\backslash \{0\})\mathrm{x}\mathbb{R}$
$\mathbb{Z}$ $(\mathbb{R}\backslash \{0\})\mathrm{x}\mathrm{T}$
$C^{*}((H_{3})_{w}2)=C^{*}(\mathbb{R}\cross \mathbb{Z})\rangle\triangleleft_{\alpha}\mathbb{R}\cong C0(\mathbb{R}\cross \mathrm{T})\lambda_{\hat{\alpha}}\mathbb{R}$
^ $a(l, e^{im})=(l, e^{i(m+)}a\iota)$ , $(l, e^{im})\in \mathbb{R}\cross \mathrm{T}$.
$\{0\}\cross \mathrm{T}$
$\hat{\alpha}$ $\mathbb{R}\mathrm{x}\mathrm{T}$
$0arrow C_{0}((\mathbb{R}\backslash \{\mathrm{o}\})\mathrm{x}\mathrm{T})\lambda \mathbb{R}arrow C_{0}(\mathbb{R}\mathrm{x}\mathrm{T})\rangle\triangleleft \mathbb{R}arrow C_{0}(\mathrm{T}\mathrm{x}\mathbb{R},)arrow 0$.
$C_{0}((\mathbb{R}\backslash \{0\})\cross \mathrm{T})\rangle\triangleleft \mathbb{R}\cong\oplus^{2}(C_{0}(\mathbb{R}_{+}\mathrm{x}\mathrm{T})\lambda \mathbb{R})$.
$\mathbb{R}_{+}$




$\cong C^{*}(\mathbb{R}1)\otimes \mathrm{K}(L^{2}(\mathrm{T}))\cong C(\mathrm{T})\otimes \mathrm{K}$.
$\mathbb{R}_{1}$ $1\in \mathrm{T}$ $\mathbb{Z}$ $H^{3}(\mathbb{R}, \mathbb{Z})$
Dixmier-Douady $(\mathrm{c}\mathrm{f}.[\mathrm{D}\mathrm{X}2])$
$C_{0}( \mathbb{R}+, \bigcup_{\mathbb{R}}c(+)\mathrm{T}\rangle\triangleleft \mathbb{R})\cong c_{0(\cross \mathrm{T})}\mathbb{R}\otimes$ .
$C_{0}((\mathbb{C}\backslash \{0\})^{2})\rangle\triangleleft H_{3}$ H3 $(\mathbb{C}\backslash \{0\})^{2}$
$C_{0}((\mathbb{C}\backslash \{0\})^{2})\lambda H_{3}\cong C0(\mathbb{R}^{2}+)\otimes(c(\mathrm{T}2)xH_{3})$ .
$H_{3}$
$\mathrm{T}^{2}$
$C(\mathrm{T}^{2})>\triangleleft H\cong C(H_{3}/(H_{3})_{1_{2}})\rangle\triangleleft H_{3}$ .
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$(H_{3})_{1_{2}}$ $1_{2}=(1,1)\in \mathrm{T}^{2}$ Green imprimitivity
$C(H_{3}/(H_{3})_{1_{2}})\lambda H_{3}\cong c^{*}((H3)12)\otimes \mathrm{K}(L^{2}(\mathrm{T}^{2}))$ .
. $(H_{3})_{1_{2}}=(\mathbb{R}\cross \mathbb{Z})\lambda_{\alpha}\mathbb{Z}$
$C^{*}((H_{3})1_{2})\cong C^{*}(\mathbb{R}\mathrm{X}\mathbb{Z})\rangle\triangleleft \mathbb{Z}\alpha\cong C0(\mathbb{R}\cross \mathrm{T})\rangle\triangleleft_{\hat{\alpha}}\mathbb{Z}$
$\hat{\alpha}_{a}(l, e^{im})=(l, e^{(l)}im+a)$ , $(l, e^{im})\in \mathbb{R}\cross \mathrm{T},$ $a\in \mathbb{Z}$ .
$\{0\}\mathrm{x}\mathrm{T}$ \alpha ^ $\mathbb{R}\cross \mathrm{T}$
$0arrow C_{0}((\mathbb{R}\backslash \{0\})\cross \mathrm{T})\lambda \mathbb{Z}arrow C_{0}(\mathbb{R}\cross \mathrm{T})\mathrm{x}\mathbb{Z}arrow C(\mathrm{T})\otimes C*(\mathbb{Z})arrow 0$ .
:
$C_{0}((\mathbb{R}\backslash \{0\})\cross \mathrm{T})\lambda \mathbb{Z}\cong\oplus^{2}(C0(\mathbb{R}_{+}\cross \mathrm{T})\lambda \mathbb{Z})$ .
$\mathbb{R}+$ $\mathrm{C}^{*}$- :
$C_{0}( \mathbb{R}_{+}, \bigcup_{\theta}\in \mathbb{R}_{+}C(\mathrm{T})\lambda_{\theta}\mathbb{Z})\equiv c_{0}(\mathbb{R}+’\bigcup_{\theta \mathbb{R}}\in+)\mathfrak{U}_{\theta}$ .
$\theta\in \mathbb{R}_{+}$ $\mathfrak{U}_{\theta}=C(\mathrm{T})\rangle\triangleleft_{\theta}\mathbb{Z}$
$\theta_{a}(e^{im})=e^{(m+a\theta}i),$ $e^{im}\in \mathrm{T},$ $a\in \mathbb{Z}$ .
:
1.1. $D_{7}$ 7 Dixmier $C^{*}(D_{7})$
$3_{3}=c^{*}(D_{7})$ ,





$2_{1}\cong C_{0}(\mathbb{R}^{2})+\otimes c^{*}((H_{3})12)\otimes \mathrm{K}$ .
$c*$ - :
$\{$
$0arrow C_{0}(\mathbb{R}\backslash \{0\})\otimes \mathrm{K}arrow C^{*}(H_{3})arrow C_{0}(\mathbb{R}^{2})arrow 0$
$0arrow C_{0}((\mathbb{R}\backslash \{\mathrm{o}\})\cross \mathbb{T})\otimes \mathrm{K}arrow C^{*}((H_{3})_{w_{i}})arrow C_{0}(\mathbb{R}\cross \mathbb{T})arrow 0$
$0arrow\oplus^{2}c_{0}(\mathbb{R}+’\cup\theta\in \mathbb{R}_{+}\mathfrak{U}\theta)arrow C^{*}((H3)1_{2})arrow C(\mathrm{T}^{2})arrow 0$ .
. $H_{3}$ H3/r $\mathrm{C}^{*}$- :
$\{$
$C^{*}(H_{3}/\Gamma)\cong(\oplus_{\mathbb{Z}\backslash \{}0\}\mathrm{K})\oplus c_{0}(\mathbb{R}^{2})$
$C^{*}((H_{3}/\Gamma)_{w_{i}})\cong(\oplus_{\mathbb{Z}\backslash }\{0\}C(\mathrm{T})\otimes \mathrm{K})\oplus c_{0}(\mathbb{R}\cross \mathrm{T})$
$C^{*}((H_{3}/\Gamma)_{1_{2}})\cong C0(\mathbb{Z}\cross \mathbb{T})\rangle\triangleleft \mathbb{Z}\cong\oplus_{\mathbb{Z}}C(\mathrm{T}2)$.
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$C(\mathrm{T})\rangle\triangleleft_{2\pi k}\mathbb{Z}\cong C(\mathrm{T}^{2})$ for $k\in \mathbb{Z}$ .










$\mathfrak{U}_{\theta}$ $\theta\in \mathbb{R}\backslash \{0\}$
:




$\oplus^{2}C_{0}(\mathbb{R}, \bigcup_{\theta}\in \mathbb{R}(C_{0}(\mathbb{R}_{+})\otimes \mathfrak{B}\theta^{\otimes}\mathrm{K}))$
$c_{0}( \mathbb{R}, \bigcup_{\theta\in \mathbb{R}}(C0(\mathbb{R}^{2}+)\otimes \mathfrak{B}\theta^{\otimes \mathrm{K}}))$
$\mathfrak{B}_{\theta}$
1.1 :




$C_{0}(\mathbb{R}\backslash \{0\})\otimes \mathrm{K}$ , $j=10$
$\mathfrak{D}_{j}/\mathfrak{D}_{j-1}\cong$ $C_{0}(\mathbb{R}^{2}\cross \mathrm{T})\otimes \mathrm{K}$ , $4\leq j\leq 9$
$\mathfrak{D}_{j/j-1}\mathfrak{D}\cong\{$
$C_{0}(\mathbb{R}_{+}^{2}\cross \mathrm{T}^{2})\otimes \mathrm{K}$ , $j=3$
$C_{0}( \mathbb{R}_{+}2)\otimes \mathrm{K}\otimes c0(\mathbb{R}+, \bigcup_{\theta\in}\mathbb{R}+\mathfrak{U}_{\theta})$ , $j=1,2$ .
13 stable rank connected stable rank
:





(D7) D7 1 $[\cdot]$
. 13 $(D_{7})_{1}^{\wedge}$ $\mathbb{R}^{2}$
13 subquotients $\mathfrak{D}_{j}/\mathfrak{D}_{j-1}(1\leq j\leq 10)$ stable
$\mathrm{s}\mathrm{r}(\mathfrak{D}_{j}/\mathfrak{D}_{j-1})\leq 2$ , $\mathrm{c}\mathrm{s}\mathrm{r}(\mathfrak{D}_{j}/\mathfrak{D}_{j-1})\leq 2$ , $(1 \leq j\leq 10)$ .
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C*- stable rank connected stable rank $([\mathrm{R}\mathrm{f}],[\mathrm{s}\mathrm{h}],[\mathrm{N}\mathrm{s}])$
:
$\mathrm{s}\mathrm{r}(\mathfrak{D}_{j})\leq 2$ , $\mathrm{C}\mathrm{S}\mathrm{r}(\mathfrak{D}_{j})\leq 2$, $(1\leq j\leq 10)$ .
$2=\mathrm{s}\mathrm{r}(C_{0}(\mathbb{R}2))\leq \mathrm{s}\mathrm{r}(C^{*}(D_{7}))\leq 2\vee \mathrm{S}\mathrm{r}(c_{0}(\mathbb{R}2))\mathrm{v}\mathrm{C}\mathrm{S}\mathrm{r}(C_{0}(\mathbb{R}^{2}))=2$,
$\mathrm{C}\mathrm{s}\mathrm{r}(c*(D_{7}))\leq 2\vee \mathrm{C}\mathrm{S}\mathrm{r}(C_{\mathrm{o}(\mathbb{R}}2))=2$ .
:
$D_{7}=\mathbb{C}^{2}\rangle\triangleleft H_{3}\cong((\mathbb{R}^{4})\aleph \mathbb{R}^{2})x\mathbb{R})$ .
$C^{*}(D_{7})\cong(c_{0}(\mathbb{R}^{4})\rangle\triangleleft \mathbb{R}^{2})\rangle\triangleleft \mathbb{R}$ . $C^{*}$- $K$- Connes Thom
$(\mathrm{c}\mathrm{f}.[\mathrm{C}\mathrm{n}],[\mathrm{w}\mathrm{o}])$
$K_{1}(C^{*}(D_{7}))\cong K_{0}(\mathbb{C})\cong \mathbb{Z}$.
Hassan [Hs] $\mathrm{c}\mathrm{s}\mathrm{r}(C*(D7))\geq 2$ .
1.3 - :
1.5. $D_{7}$ 7 Dixmier $C^{*}(D_{7})$
. $\mathrm{C}^{*}$- C*-
- $C^{*}(D_{7})$ subquotient
o subquotient $(j\neq 10)$ subquotient $(j=10)$
C*-
\S 2. GENERALIZED DIXMIER C*-
– Heisenberg $(2n+1)$ Heisenberg
$H_{2n+1}$ :
$g=(c, b, a)=$
$c\in \mathbb{R},$ $b=(b_{1}, \cdots, b_{n}),$ $a=(a_{1}, \cdots, a_{n})\in \mathbb{R}^{n}$ ,
generalized Dixmier
. $(6n+1)$ (generalized)Dixmier $D_{6n+1}$ $\mathbb{C}^{2n}\rangle\triangleleft_{\beta}H_{2n+1}$
\beta :




2.1. $D_{6n+1}$ $(6n+1)$ generalized Dixmier $C^{*}(D_{6n+1})$
$\{3_{j}\}_{j=}2n+11$ subquohent $\sigma_{2n+1-}k/2_{2-k}n$ :
$\{$
$C^{*}(H_{2}n+1)=c*((H2n+1)_{1_{\mathrm{O}}})$ $k=0$
$\oplus_{1\leq i_{k}\leq 0}i_{1}<\cdots<{}_{2n}C(\mathbb{R}k)+\otimes C^{*}((H_{2+1}n)1_{k})\otimes \mathrm{K}(L^{2}(\mathrm{T}^{k}))$ $1\leq k\leq 2n$ .
$(H_{2n+1})_{1}k\hat{\beta}\text{ }$ $1_{0}=0_{2n}\in \mathbb{C}^{2n}$ $1_{k}$ $=(1, \cdots, 1)\in \mathrm{T}^{k}\subset$
$\mathbb{C}^{2n}$ :
$\mathit{0}arrow C_{k}arrow C^{*}((H_{\mathit{2}n+}+l)lk)arrow C(\mathrm{T}^{k})$ $\otimes C_{\mathit{0}}(\mathbb{R}^{\mathit{2}k}n-)$ $arrow 0$
$0\leq k\leq 2n$ , :
$s_{1}\geq 1,$ $s_{2}\geq 0,2s_{1}+s_{2}=k$ . 4, 5 6 $\mathbb{R}\backslash \{\mathit{0}\}$
$C^{*}$ - $c*$ - $(\otimes^{s_{1}}\mathfrak{U}_{\theta})\otimes C(\mathrm{T}^{s_{2}})\otimes \mathrm{K}$ $\otimes^{n}\mathfrak{U}_{\theta}$
$\mathfrak{U}_{\theta}$ \theta
:
2.2. $D_{6n+1}$ $(6n+1)$ generalized Dixmier $C^{*}(D_{61}n+)$
$C^{*}$ :
$\{$
$C_{0}( \mathbb{R}, \bigcup_{\theta_{\mathrm{O}}}\in \mathbb{R}\mathfrak{B}_{\theta})0$ $k=\mathit{0}$













$(\otimes^{s_{1}}\mathfrak{U}_{\theta_{k}})\otimes C(\mathrm{T}^{s}2)\otimes \mathrm{K}$ $\theta_{k}\neq 0$
for $2\leq k\leq 2n$ with $s_{1}\geq 1,$ $s_{2}\geq 0,$ $k=2s_{1}+s_{2}$ .
2.1 :
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2.3. $D_{6n+1}$ $(6n+1)$ generalized Dixmier . $C^{*}(D6n+1)$




$C_{0}(\mathrm{T}^{k}\cross \mathbb{R}^{2n})\otimes \mathrm{K}$ or
$C_{0}(\mathrm{T}^{k}\cross \mathbb{R}^{k+1})\otimes \mathrm{K}$ or
$C_{0}( \mathbb{R}^{k})+\otimes \mathrm{K}\otimes C0(\mathbb{R}\backslash \{0\}, \bigcup_{\theta}\in \mathbb{R}\backslash \{0\}((\otimes s1\mathfrak{U}_{\theta})\otimes c(\mathrm{T}\mathit{8}2)\otimes \mathrm{K}))$
for $1\leq j\leq K-1$ with $1\leq k\leq 2n,$ $s_{1}\geq 1,$ $s_{2}\geq 0,2s_{1}+s_{\mathit{2}}=k$ .
. 5 $C^{*}$ - $(\otimes^{s_{1}}\mathfrak{U}_{\theta})\otimes C(\mathrm{T}^{s_{2}})$
$C(\mathrm{T}^{s_{1}}\cross \mathrm{T}^{s_{2}})\rangle\triangleleft \mathbb{Z}^{s_{1}}$
Stable rank connected stable rank 23
:

















$\mathfrak{R}arrow \mathfrak{R}/[\mathfrak{R}, \mathfrak{R}]arrow \mathrm{d}\alpha M_{n}(\mathbb{C})$
$[N, N],$ $[\Re, \Re]$ $N$ ,
$N/[N, N]\cong \mathbb{R}n-m\cross \mathrm{T}^{m}$ , $\mathfrak{R}/[\mathfrak{R}, \mathfrak{R}]\cong \mathbb{R}^{n}$
25






with $t=((t_{i})_{i^{-m}}n=1’(e^{it_{j}})_{j1}^{n}=n-m+)\in \mathbb{R}^{n-m}\cross \mathrm{T}^{m},$ $\lambda_{i}\in \mathbb{C}(1\leq i\leq n-m),$ $\lambda_{j}\in i\mathbb{R}$
$(n-m+1\leq j\leq n)$ . :
3.1. $G=\mathbb{C}^{n_{\rangle}}\triangleleft N\alpha$’ $N$ $\alpha$ 1






$\oplus n\mathrm{o}+1\leq i_{1}<\cdots<i_{k}\leq n$ $1\leq k\leq n-n_{0}$
with $0\leq n_{0}\leq n$ and $k_{2}\geq 1,$ $k=k_{1}+k_{2}$ . $\mathbb{C}^{n_{0}}$ $N$ $\mathbb{C}^{n}$
– $\mathbb{C}^{n}$ $(\mathbb{C}\backslash \{\mathit{0}\})^{k}$ $N$
. $N$ $N=[N, N]$ $C^{*}(G)\cong C0(\mathbb{C}^{n})\otimes C^{*}(N)$ .
$N=H_{\mathit{2}n+1}$ :
3.2. $G$ $\mathbb{C}^{2n_{\rangle}}\triangleleft\beta H\mathit{2}n+1,$ $\beta$ 1
$c*(G)$ $\{3_{j}\}_{j=1}^{K}$ subquoiients $\ovalbox{\tt\small REJECT} \mathrm{J}_{j}/3_{j-1}$ :
$\{\{$
$C_{0}(\mathbb{C}^{n_{0}}\cross \mathbb{R}^{2n})$ $j=K$
$C_{0}(\mathbb{C}^{n_{\mathrm{O}}}\cross(\mathrm{R}\backslash \{0\}))\otimes \mathrm{K}$ $j=K-1$







3.4. 31 $N$ $\uparrow l$ $\mathbb{R}^{n}\rangle\triangleleft \mathbb{R}$
$\mathrm{s}\mathrm{r}(C^{*}(G))=\dim_{\mathbb{C}}G_{1}$ if $\dim\hat{G}_{1}$ is even
$\dim_{\mathbb{C}}\hat{G}_{1}\leq \mathrm{s}\mathrm{r}(C^{*}(G))\leq\dim_{\mathbb{C}}\hat{G}_{1}+1$ if $\dim\hat{G}_{1}$ is odd
$\mathrm{c}\mathrm{s}\mathrm{r}(C*(G))\leq 2\mathrm{v}_{\mathrm{C}\mathrm{S}\mathrm{r}}(c0(\hat{G}_{1}))=[(\dim\hat{G}_{1}+1)/2]+1$ .
$G=\mathbb{C}^{S}\rangle\triangleleft_{\alpha}(\mathbb{R}^{n-m}\cross \mathrm{T}^{m})$ \alpha $\mathbb{C}^{s}=\oplus_{i=1}^{n}\mathbb{C}^{s_{i}}$
$\alpha_{t}=(\oplus_{i=1}^{n}-m\alpha i(ti))\oplus(\oplus_{j-}n\alpha_{j(e))}=nm+1it_{j=}$
with $t=((ti)_{i1}n-m=’(e^{i\text{ }})^{n}j=n-m+1)\in \mathbb{R}^{n-m}\mathrm{x}\mathrm{T}^{m}$ , \alpha i $(1\leq i\leq n-m)$ ,
$\alpha_{i}(n-m+1\leq i\leq n)$ $\mathbb{C}^{s_{i}}$ $\mathbb{R},$ $\mathrm{T}$
:
3.5. $G$ $-$ $\mathbb{C}^{s}\lambda_{\alpha}(\mathbb{R}^{n-m}\cross \mathrm{T}^{m})$ $\alpha$
$C^{*}(G)$ $\{2_{j}\}^{K}j=1$ subquotients $3_{j}/3_{j-1}$
.
$C_{0}(\mathbb{R}^{\mathit{2}}u+n-m\cross \mathbb{Z}m)=C_{0}(\hat{G}_{1})$ $j=K$,
$C_{0}(\mathbb{R}2u\mathrm{j}+v_{j}\cross \mathrm{T}^{w_{j}})\otimes \mathrm{K}$ or
$C_{0}(\mathbb{R}^{2u}j+v_{j}\cross \mathrm{T}^{w_{j}})\otimes \mathrm{K}\otimes(\otimes\iota=1\mathfrak{U}_{\ominus})k_{j}\mathrm{t}$ or
$C_{0}(\mathbb{R}\mathit{2}u_{j}+vj)\otimes \mathrm{K}\otimes(\otimes_{l=}n\mathfrak{U}\Theta)1\iota$ $1\leq j\leq K-1$
with $u,$ $u_{j},$ $v_{j},$ $w_{j}\geq 0,1\leq k_{j}\leq n-1$ . U\ominus
$C(\mathrm{T}^{t_{l}})\rangle\triangleleft \mathbb{Z}$
- rank :




$\mathrm{s}\mathrm{r}(C^{*}(G))=\dim_{\mathbb{C}}\hat{G}_{1}$ if $\dim\hat{G}_{1}$ is even,
$\dim_{\mathbb{C}}\hat{G}_{1}\leq \mathrm{s}\mathrm{r}(C^{*}(G))\leq\dim_{\mathrm{C}}\hat{G}_{1}+1$ if $\dim\hat{G}_{1}$ is odd,
$\mathrm{c}\mathrm{s}\mathrm{r}(C*(G))\leq \mathrm{c}\mathrm{s}\mathrm{r}(c_{0}(\hat{c}_{1}))=[(\dim\hat{G}_{1}+1)/2]+1$ .
\S 4.
$G$ $(\mathbb{R}^{u}\cross \mathbb{C}^{v})\lambda_{\alpha}(\mathbb{R}^{n-m}\mathrm{x}\mathrm{T}^{m})$ $\alpha$
$\alpha_{\mathit{9}},$ $g=((g_{i})_{i1}^{n-m}=’(e^{ig_{j}})^{n}j=n-m+1)\in \mathbb{R}^{n-m}\mathrm{x}\mathrm{T}^{m}$
:
$e^{(\Sigma_{\mathrm{j}=1}^{p})}10gi1j$ $..$ . $e^{(\Sigma_{j=1}^{Pu}}\mathrm{j}0\mathit{9}i_{u}$
)$)\oplus$
with $g_{i_{kj}}\in\{g_{i}\}_{i1}^{n-m}=$ for $0\leq j\leq p_{k}\leq n-m(1\leq k\leq u)$ , and $w_{i_{kj}}\in \mathbb{C},$ $g_{i_{kj}}\in\{g_{i}\}_{i=1}^{n}$
for $0\leq j\leq q_{k}\leq n(1\leq k\leq v)$ . $g_{i_{hj}}\in\{g_{i}\}^{n}i=n-m+1$ $w_{i_{kj}}=i$ .
27
4.1. $G$ $(\mathbb{R}^{u}\cross \mathbb{C}^{v})\chi_{\alpha}(\mathbb{R}^{n-m}\mathrm{X}\mathrm{T}^{m})$ $\alpha$
$C^{*}(G)$ $\{2_{j}\}_{j=}^{K}1$ :
$\sigma_{j}/2_{j1}-\cong$ $j=1\leq j\leq orKK-1$




4.2. $G$ $\mathbb{R}^{u}\mathrm{x}\mathbb{C}^{v}$ $N$
$C^{*}(G)$ $\{3_{j}\}^{K}j=1$ :
/ -1\cong
with $p_{j},$ $q_{j},$ $r_{j}\geq \mathit{0}$ . $\mathbb{R}^{u0}\cross \mathbb{C}^{v_{0}}$ $N$ \Omega ,
$N$ $N_{z_{j}}$ $\mathbb{R}^{u}\cross \mathbb{C}^{v}$ N-
$C_{r}^{*}(Wj)$ $N$ - reduced
$W_{j}$ reduced C*-
:
4.3. 42 $N$ - $\mathbb{R}^{n_{\rangle\triangleleft}}\mathbb{R}$ :
$\{$
$\mathrm{s}\mathrm{r}(C^{*}(G))=\dim_{\mathbb{C}}\hat{c}_{1}$ if $\dim\hat{G}_{1}$ is even,
$\dim_{\mathbb{C}}\hat{G}_{1}\leq \mathrm{s}\mathrm{r}(C^{*}(G))\leq\dim_{\mathbb{C}}\hat{G}_{1}+1$ if $\dim\hat{G}_{1}$ is odd,
$\mathrm{c}\mathrm{s}\mathrm{r}(c^{*}(G))\leq \mathrm{c}\mathrm{s}\mathrm{r}(c_{0}(\hat{G}1))=[(\dim\hat{G}_{1}+1)/2]+1$ .
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